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Abstract
We show that for various compact metric spaces X, the space of homeomorphisms H(X) is
homeomorphic to H(X) \ K , where K = ⋃i>0 Ki ⊂ H(X) where either (1) each Ki is closed
and equi-uniformly continuous or (2) each Ki is complete in the metric of uniform convergence.
 2003 Elsevier B.V. All rights reserved.
MSC: 58D15; 57N20
Keywords: Homeomorphisms; Space of homeomorphisms; Negligible subsets
Our motivation for the study of negligible subsets is that, for a compact piecewise
linear (PL) n-manifold M , it has been a long standing problem as to whether or not the
space of homeomorphisms H(M) is an absolute neighborhood. As a consequence of [5,4]
there is a dense Gδ subset G ⊂ H ∗(M) which is homeomorphic to an s-manifold, where
H ∗(M) is the closure of the PL homeomorphisms in H(M) and s is the countable infinite
product of open intervals (−1,1). Moreover, the complement H ∗(M) \ G can be written
as a countable union of closed Z-sets {Ki} in the sense of Anderson [1]. It is, therefore,
natural to ask whether or not
⋃
i>0 Ki can be deleted from H ∗(M) (see below for the
definition of deletion). If the answer is yes, then H ∗(M) is a s-manifold homeomorphic
to G.
Notation. For a compact metric space (X,d), let C(X) denote the space of continuous
functions of X into X. The metric defined on C(X) is ρ(f,g) = sup{d(f (x), g(x)) | x ∈
X}. We refer to ρ as the metric of uniform convergence. Without loss of generality, we
may assume that the diameter of X is  1. Let H(X) denote the subspace consisting of
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homeomorphisms of X onto X. H(X) is a topological group via compositions. Denote the
closure of H(X) in C(X) by H ∗(X).
To say Ki ⊂ H(X) is equi-uniformly continuous, we mean that, for any given ε > 0,
there exists a δ > 0, such that for all f ∈ K , d(f (x), f (y)) < ε whenever d(x, y) < δ.
Finally K ⊂ H(X) is said to be negligible or may be deleted from H(X) if H(X) is
homeomorphic to H(X) \ K .
Theorem 1. Let X ⊂ Rm be a finite polyhedron contained in the Euclidean m-space
Rm. Suppose K =⋃i>0 Ki ⊂ H(X), where dimK > 0 and each Ki is closed and equi-
uniformly continuous, then H(X) is homeomorphic to H(X) \ K .
Proof. The proof requires the concept of Morse’s µ-length of paths [7]: Let f : [a, b] →
Y be a path in a metric space (Y, d) where a < b. For each positive integer n, let
An = {(t0, t1, . . . , tn) | a  t0  t1  · · ·  tn  b}. For each (t0, t1, . . . , tn) ∈ An, define
δ(f ; t0, t1, . . . , tn) = min{d(f (ti), f (ti−1)) | i = 1,2, . . . , n} and
µn(f ) = sup
{
δ(f ; t0, t1, . . . , tn) | (t0, t1, . . . , tn) ∈ An
}
.








We first consider a single closed and equi-uniformly continuous subset K ⊂ H(X). Let
N ⊂ X be a k-simplex that is not a face of any other simplex. Let J be an interval in the
interior of N parameterized as [a, b], a < b. For each f ∈ K , by Lemma 1.3 of [8], there is
a point tf , a < tf < b, depending continuously on f , such that µ(f |[a,tf ]) = µ(f |[tf ,b]).
For any subset A ⊂ X, let Diam(A) = sup{d(x, y) | x, y ∈ A} denote the diameter of A.
The main goal of the following lemma is to establish (d).
Lemma 1.
(a) For any a < r < b, µ(f |[a,r])Diam(f ([a, r])).
(b) For any a < r < r ′ < b, µ(f |[a,r]) < µ(f |[a,r ′]).
(c) Let E denote the identity map on X, then
µ(E|[a,b]) µ(f |[a,b]) 2µ(f |[a,tf ]).
(d) There is a point r , a < r < b, such that tf > r for all f ∈ K .
Proof. (a) For any n, δ(f |[a,r]; t0, t1, . . . , tn)  Diam(f ([a, r])). Hence µn(f ) 
Diam(f ([a, r])). It follows that µ(f |[a,r])Diam(f ([a, r])).
The proof (b) and (c) is a straightforward application of the definition of the µ-length
of f and the triangle inequality of the metric d .
(d) Let ε = (1/3)µ(E|[a,b]). Since K is equi-uniformly continuous, there exists
δ > 0, such that for all f ∈ K , d(f (x), f (y)) < ε whenever d(x, y) < δ. Consider a
point r , a < r < b, such that d(a, r) < δ. Since the metric d is Euclidean, d(x, y) 
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d(a, r) < δ for all x, y ∈ [a, r]. It follows that for all f ∈ K , d(f (x), f (y)) < ε.
Thus µ(f |[a,r])  Diam(f ([a, r]))  ε by Lemma 1(a). Using Lemma 1(c), we have
µ(f |[a,r]) < µ(f |[a,tf ]). Hence r < tf . 
Returning to the proof of Theorem 1, inside the neighborhood N and along the interval
J = [a, b], we can construct a countable collection of mutually disjoint k-simplices {Ni},
each a smaller version of N , with diameter (Ni) converging to 0. For each i > 0, we choose
an interval [ai, bi] ⊂ Ni with ai < bi .
Now in each Ni we obtain as above an ri ∈ [ai, bi] such that for each f ∈ K , ai < ri <
tif < bi , where tif is the point analogous to tf in Ji . Denote the product
∏∞
i=1(ai, bi) by s.
Let H0(X) denote the subset {f ∈ H(X) | for all i , µ(f |[ai ,ti ]) = µ(f |[ti ,bi ]), ti =
the mid-point of [ai, bi]}. As demonstrated in [8], there is a homeomorphism ϕ :H(X) →
H0(X) × s taking f ∈ H(X) to the point ϕ(f ) = (f ′, tf ), where f ′ ∈ H0(X) and
tf = (tif ) ∈ s.
Thus for f ∈ K , ϕ(f ) = (f ′, tf ) with each tif > ri > ai . In other words, the image
ϕ(K) is a closed set whose projection into each factor (ai, bi) is contained in [ri, bi).
By the techniques of infinite-dimensional (I-D) topology [1], there is homeomorphism
Γ : (H0(X)×s)\K → H0(X)×s and the homeomorphism changes only the s-coordinates
of each point.
Now suppose K =⋃i>0 Ki . The fact that we can delete the infinite sequence {Ki} from
H0(X)× s is also a result of I-D topology techniques. Basically we write s = s1 × s2 ×· · · ,
an infinite product with each si a copy of s. We then delete Ki from H0(X)× s using only
coordinates in si . Collectively we can construct a homeomorphism taking (H0(X)× s)\K
onto H0(X) × s. 
Theorem 2. Let X be a compact metric space containing a closed neighborhood N
homeomorphic to some k-simplex. Suppose K = ⋃i>0 Ki ⊂ H(X), where each Ki is
complete in the metric of uniform convergence, or, equivalently, each Ki is closed in
H ∗(X), then H(X) is homeomorphic to H(X) \ K .
Remark. Employing Bessaga’s [2] approach, in [3], Dobrowolski shows that for a compact
subset K ⊂ E, K is negligible in E for a list of spaces E. Included in the list is E = H(X),
where X is a locally compact space containing a bicollared set. Using a different approach,
a similar result on H(X) was proved by Mason [6]. A key step in our argument requires
each Ki to be complete in the metric of uniform convergence, a condition weaker than
compactness but not as weak as being locally homotopically trivial, which is required to
settle the Homeomorphism Group Problem.
Proof of Theorem 2. The proof is the result of the following three steps.
(1) Constructing a pinched map λ. Let e ∈ H(X) denote the identity. The main idea
is to construct a sequence of paths each starting from e and ending with points in
H ∗(X) \ H(X). We use these paths to push {Ki} out of H(X). To start, we may assume
N contains an interval J = [a, b] with 0 < b − a < 1. Next we choose a point r such that
a < r < b. Starting with the identity, the idea is to shrink the interval [r, b] onto the point
b. In other words, we construct a path {λt } satisfying (i) each λt is the identity outside N ,
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(ii) λ0 = identity, λt ([a, b])= [a, b], λt |N is a canonical piecewise linear map that shrinks
the interval [r, b] onto the interval [(1 − t)r + tb, b] and (iii) for t < 1, each λt ∈ H(X)
and λ1 collapses the entire interval [r, b] onto b.
Next along J we can construct a countable collection of mutually disjoint k-simplices
{Ni}, each a smaller version of N , with diameter (Ni) converging to 0. For each i > 0,
we choose an interval [ai, bi] ⊂ Ni with ai < bi . We also choose, for each i , a point
ri , ai < ri < bi . We then construct a sequence of paths {λit }i , such that for each i , the
homotopy {λit } takes place in Ni completely analogous to the homotopy {λt } in N .
Define λ : [0,1]∞ → H ∗(X) as follows. For each point t = (ti )i>0, λ(t) is the map
which is the identity outside
⋃
>0 Ni and such that for each i , λ(t)|Ni = λiti |Ni . Clearly λ
satisfies the following:
Lemma 2.
(i) Denote λ([0,1]∞) by Q. Then Q ⊂ H ∗(X) and λ([0,1)∞) ⊂ H(X),
(ii) for β = [0,1]∞ \ [0,1)∞, λ(β) ⊂ H ∗(X) \ H(X),
(iii) for all t = (ti)i>0, t ′ = (t ′i )i>0, ρ(λ(t), λ(t ′)) < supi>0 |ti − t ′i |,
(iv) λ is an imbedding and therefore the image of Q is an absolute retract.
(2) Construction of a contractive map ϕ. We say a map ϕ :C(X) → C(X) is contractive
if there is some number 0 r < 1, such that ρ(ϕ(f ),ϕ(g)) rρ(f, g) for all f,g ∈ C(X).
Now let K =⋃i>0 Ki ⊂ H(X) be given such that each Ki is a closed subset of H ∗(X).
Let r = b− a < 1. For any f ∈ H ∗(X), let ti denote 1 − rρ(f,Ki). Thus 0 ti  1 (recall
that we assume the metric ρ is bounded by 1) and that ti = 1 if and only if f ∈ Ki . Let
t = (ti)i>0. Define ϕ :H ∗(X) → H ∗(X) by ϕ(f ) = λ(t).
Lemma 3.
(i) ϕ(H ∗(X)) ⊂ Q (= λ([0,1]∞)),
(ii) ϕ(K) ⊂ H ∗(X) \ H(X),
(iii) ϕ(H(X) \ K) ⊂ H(X) and
(iv) ϕ satisfies ρ(ϕ(f ),ϕ(g)) rρ(f, g), for all f,g ∈ H ∗.
Proof. (i)–(iii) is clear. To verify (iv), let t denote (ti)i>0 and t ′ = (t ′i )i>0, where ti =
1 − rρ(f,Ki) and t ′i = 1 − rρ(g,Ki). By Lemma 2(iii), ρ(ϕ(f ),ϕ(g)) = ρ(λt , λt ′) <
supi>0 |ti − t ′i | = supi>0 r|ρ(f,Ki)−ρ(g,Ki)|. Since |ρ(f,Ki)−ρ(g,Ki)| ρ(f,g) for
all i , ρ(ϕ(f ),ϕ(g)) rρ(f, g). 
(3) A homeomorphism of H(X) \ K onto H(X). Let ϕ :H ∗(X) → H ∗(X) be defined
as in (2) above. Define Γ :H(X) \ K → H(X) by Γ (f ) = ϕ(f )−1f . We will show that
Γ is a homeomorphism onto H . The condition that each Ki ⊂ H(X) is closed in H ∗(X)
is a key requirement to show that Γ is surjective.
First of all, the map Γ is well-defined since for f /∈ K , ϕ(f ) ∈ H(X) (Lemma 3(iii)),
so ϕ(f )−1 exists. Composition and inverse operations in H(X) are continuous, so Γ
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is continuous. Secondly, it is straightforward to verify that ρ is invariant under right
multiplication; that is, for any h ∈ H(X), ρ(f,g) = ρ(f h,gh) for all f,g ∈ H(X).
To show Γ is one-to-one, suppose Γ (f ) = Γ (g) for f,g ∈ H(X) \ K . Then
ϕ(f )−1f = ϕ(g)−1g, or ϕ(g)ϕ(f )−1 = gf −1. Denote the identity by e. We have
ρ(ϕ(g),ϕ(f )) = ρ(ϕ(g)ϕ(f )−1, e) = ρ(gf −1, e) = ρ(g,f ). Since ϕ is a contractive map
(Lemma 3(iv)), f = g.
To show Γ is onto, let g0 ∈ H(X) be given. Consider the map η :H ∗(X) → H ∗(X)
defined by η(f ) = ϕ(f )g0. By Lemma 3(i), η(H ∗(X)) = ϕ(H ∗(X))g0 ⊂ Qg0. It follows
that the restriction η|Qg0 carries Qg0 into Qg0. Since Qg0 is an absolute retract by
Lemma 2(iv), η has a fixed point, say f0 ∈ Qg0 such that η(f0) = f0.
We want to assert f0 ∈ H(X) by showing that any f ∈ λ(β)g0 is not a fixed point of
η|Qg0 . So suppose f ∈ λ(β)g0. As a consequence of Lemma 2(ii), λ(β)g0 ⊂ H ∗(X) \
H(X). Given any i > 0, since Ki ⊂ H(X) is closed in H ∗(X), any f ∈ λ(β)g0 has
a positive distance from Ki . Let ti = 1 − rρ(f,Ki) and denote t = (ti )i>0. It follows
t ∈ [0,1)∞. Finally, η(f ) = ϕ(f )g0 = λ(t)g0. By Lemma 2(i), λ(t) ∈ H(X). Hence
λ(t)g0 ∈ H(X). In other words, η(f ) = f and so f0 ∈ H(X) as asserted.
Finally, we claim that f0 /∈ K . For if f0 ∈ K , then f0 = η(f0) = ϕ(f0)g0 ∈ λ(β)g0, a
contradiction. Thus f0 ∈ H(X) \ K and f0 = η(f0) = ϕ(f0)g0, or Γ (f0) = ϕ(f0)−1f0 =
g0.
The verification that Γ −1 is continuous is rather straightforward and will be omitted.
Thus Γ :H(X) \ K → H(X) is a homeomorphism and the proof of Theorem 2 is
complete. 
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